Chapter 6 branch-and-bound

· The difference between branch-&-bound and backtracking

· is used for optimization problem

· does not limit us to a particular way of traversing the tree

· We compute a number at a node to determine whether the node is promising. If that bound is no better than the value of the best solution found so far, the node is nonpromising.

· breadth-first search (queue)

Algorithm in page 224

Figure 6.1

· best-first search (priority queue)：we can compare the bounds of promising nodes and visit the children of the one with the best bound.
· best-first search with branch-&-bound pruning

· breadth-first search with branch-&-bound pruning

6.1 0-1 Knapsack problem

· items are sorted in nonincreasing order of pi/wi
weight: the sum of the weights of the items that have been included

profit: the sum of the profits of the items included up to the node

bound: an upper bound for the revenue

we greedily grab items, adding their profits to bound and their weights to totweight until we get to an item that if grabed would bring totweight above W.
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· Breadth-first search

Algorithm 6.1 & Example 6.1

· Best-first search

Algorithm 6.2 & Example 6.2

6.2 The traveling salesperson problem

· Problem: to find the shortest path that starts at a given node, visits each node exactly once, and ends up back at the starting node.      Figure 6.4

· State-space tree in Figure 6.5

· How to compute the lower bound
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· Algorithm 6.3 & Example 6.3

· Bounding by columns
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6.3 Abductive inference

· This process of determining the most probable explanation for a set of findings is called abductive inference.

There are a set of possible diseases d1, d2,…,dn. The patient has a set of symptoms S. Our goal is to find the set of the most probable diseases.
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· Without branch-&-bound, we need to compute the conditional probability for all possible subsets of D.

· Theorem 6.1: if P(D()(P(D) then 
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· Let D be the set diseases that have been included up to the node, let D( be the set of diseases that have been included up to that descendent.

Then D(D(
We can assume that P(D()(P(D).

( P(D((S)(P(D)/P(S)

That means the upper bound for P(D((S) is P(D)/P(S).

· Example 6.4 and Figure 6.7

P(S)=0.01

P(()=0.9
bound is 90

P(d1)=0.009
bound is 0.9

P(d2)=0.005
bound is 0.5

P(d3)=0.002
bound is 0.2

P(d1d2)=0.003
bound is 0.3

P(d1d3)=0.001
bound is 0.1

· Algorithm 6.4
S-1: Binary Integer programming

[image: image5.emf]Maximize  Z=9X 1 +5X 2 +6X 3 +4X 4   S ubject to:   6X 1 +3X 2 +5X 3 +2X 4  10             X 3 + X 4  1   - X 1      + X 3       0        - X 2      + X 4  0   X j  is binary for j=1 - 4  


Branching:

Bounding:

Fathoming:

Branching

Select the one that was created most recently to branch.


[image: image6.emf]S ubproblem 1: set X 1 =0   Maximize  Z=5X 2 +6X 3 +4X 4   S ubject to:   3X 2 +5X 3 +2X 4  10        X 3 + X 4  1       + X 3       0   - X 2     + X 4  0   X j  is binary for j=2 - 4  



[image: image7.emf]S ubproblem 2: set X 1 =1   Maximize  Z=9+5X 2 +6X 3 +4X 4   S ubject to:   3X 2 +5X 3 +2X 4  4        X 3 + X 4  1        X 3       1   - X 2      + X 4  0   X j  is binary for j= 2 - 4  


Bounding: LP relaxation

[image: image8.emf]S ubproblem 1: set X 1 =0   Maximize  Z=5X 2 +6X 3 +4X 4   S ubject to:   3X 2 +5X 3 +2X 4  10        X 3 + X 4  1       + X 3       0   - X 2     + X 4  0   0  X j  1  for j=2 - 4   optimal solution (0,1,0,1) with Z=9  



[image: image9.emf]S ubproblem 2: set X 1 =1   Maximize  Z=9+5X 2 +6X 3 +4X 4   S ubject to:   3X 2 +5X 3 +2X 4  4        X 3 + X 4  1        X 3       1   - X 2      + X 4  0   X j  is binary for j= 2 - 4   O ptimal solution (1,4/5,0,4/5) with Z=16.2   Or, Z=16 because of integer sulution  


Fathoming
A subproblem is fathomed if

Test 1: Its bound ( Z*
Test 2: Its LP relaxation has no feasible solution
Test 3: The optimal solution for its LP relaxation is integer

[image: image10.emf]S ubproblem 3 : set X 1 =1  and X 2 =0   Maximize  Z=9+6X 3 +4X 4   S ubject to:   5X 3 +2X 4  4    X 3 + X 4  1    X 3       1        X 4  0   X j  is binary for j= 3 - 4   O ptimal solution (1, 0 , 4/5, 0) with Z=1 3.8   Bound is Z  13  



[image: image11.emf]S ubproblem 4 : set X 1 =1  and X 2 =1   Maximize  Z= 14 +6X 3 +4X 4   S ubject to:   5X 3 +2X 4  4    X 3 + X 4  1    X 3       1          X 4  1   X j  is binary for j= 3 - 4   O ptimal solution (1, 1 ,0, 0.5 ) with Z=16   Bound is Z  16  



[image: image12.emf]S ubproblem 5 : set X 1 =1  and X 2 =1  and X 3 =0   Maximize  Z= 14 +4X 4   S ubject to:   2X 4  4    X 4  1   X j  is binary for j=4   O ptimal solution (1, 1 ,0, 0.5 ) with Z=16  



[image: image13.emf]S ubproblem 6 : set X 1 =1  and X 2 =1  and X 3 =1   Maximize  Z= 20 +4X 4   S ubject to:   2X 4  - 4    X 4  0    X 4  1   X j  is binary for j=4   No feasible  solution   



[image: image14.emf]S ubproblem  7 : set X= =(1, 1, 0, 0)   S olution is Z=14     S ubproblem 8: set X==(1, 1, 0, 1)   S olution is infeasible  


S-2:Mixed Integer programming problem
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    x j  0  for j=1, … ,n     x j  is integer for j=1,2, … ,I  


· The choice of branching variable: we only consider the integer-restricted variables that have a noninteger value in the optimal solution for the LP relaxation of the current subproblem.
· The values assigned to the branching variable: xj((xj*(  and xj((xj*(+1 
· The bound value may be noninteger
· Only integer-restricted variables should be integral

[image: image16.emf]Maximize Z=4X 1 - 2X 2 +7X 3 - X 4   S ubject to       X 1     +5X 3        10       X 1 + X 2  -   X 3       1       6X 1 - 5X 2           0       - X 1    +2X 3 -  2X 4    3       X j  0  for j=1 — 4       X j  is an integer for j=1 -- 3  



[image: image17.emf]Maximize Z=4X 1 - 2X 2 +7X 3 - X 4   S ubject to       X 1     +5X 3        10       X 1 + X 2  -   X 3       1       6X 1 - 5X 2           0       - X 1    +2X 3 -  2X 4    3       X j  0  for j=1 — 4         O ptimal solution X=(5/4, 3/2, 7/4, 0) with Z=14.25  



[image: image18.emf]S ubproblem - 1   Maximize Z=4X 1 - 2X 2 +7X 3 - X 4   S ubject to       X 1     +5X 3        10       X 1 + X 2  -   X 3       1       6X 1 - 5X 2           0       - X 1    +2X 3 -  2X 4    3       X 1  1       X j  0  for j=1 — 4       X j  is an integer for j=1 — 3   The relaxation of subproblem - 1 has   S olution (1, 6/5, 9/5, 0) with Z=1 4.2  



[image: image19.emf]S ubproblem - 2   Maximize Z=4X 1 - 2X 2 +7X 3 - X 4   S ubject to       X 1     +5X 3        10       X 1 + X 2  -   X 3       1       6X 1 - 5X 2           0       - X 1    +2X 3 -  2X 4    3       X 1  2       X j  0  for j=1 — 4       X j  is an integer for j=1 — 3   The relaxation of subproblem - 2  has   No feasible s olution   



[image: image20.emf]S ubproblem - 3   Maximize Z=4X 1 - 2X 2 +7X 3 - X 4   S ubject to       X 1     +5X 3        10       X 1 + X 2  -   X 3       1       6X 1 - 5X 2           0       - X 1    +2X 3 -  2X 4    3       X 1  1 , X 2  1       X j  0  for j=1 — 4       X j  is an integer for j=1 — 3   The relaxation of subproblem - 3  has   S olution ( 6/5 ,  1 ,  11/6 , 0) w ith Z=14 +1/6  



[image: image21.emf]S ubproblem - 4   Maximize Z=4X 1 - 2X 2 +7X 3 - X 4   S ubject to       X 1     +5X 3        10       X 1 + X 2  -   X 3       1       6X 1 - 5X 2           0       - X 1    +2X 3 -  2X 4    3       X 1  1 , X 2  2       X j  0  for j=1 — 4       X j  is an integer for j=1 — 3   The relaxation of subproblem - 4  has   S olution ( 6/5 ,  2 ,  11/6 , 0) w ith Z=1 2 +1/6  



[image: image22.emf]S ubproblem - 5   Maximize Z=4X 1 - 2X 2 +7X 3 - X 4   S ubject to       X 1     +5X 3        10       X 1 + X 2  -   X 3       1       6X 1 - 5X 2           0       - X 1    +2X 3 -  2X 4    3       X 1  1 , X 2  1 , X 1  0       X j  0  for j=1 — 4       X j  is an integer for j=1 — 3   The relaxation of subproblem - 5  has   S olution ( 0 ,  0 ,  2 ,  1/2 ) with Z=1 3.5  



[image: image23.emf]S ubproblem - 6   Maximize Z=4X 1 - 2X 2 +7X 3 - X 4   S ubject to       X 1     +5X 3        10       X 1 + X 2  -   X 3       1       6X 1 - 5X 2           0       - X 1    +2X 3 -  2X 4    3       X 1  1 , X 2  1 , X 1  1       X j  0  for j=1 — 4       X j  is an integer for j=1 — 3   The relaxation of subproblem - 6  has   No feasible s olution  
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