Divide and Conquer Relation
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Case 1: 
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Case 2: 
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Case 3: 
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· Methodology of Divide-and-Conquer

· Binary Search

Algorithm 1.5

Complexity Analysis

· Merge Sort

Figure 2.2

Algorithms 2.2 and 2.3

Table 2.1

Complexity Analysis

This method use about n log n extra array items for recursion

· In-place merge sort: does not use any extra space beyond that needed to store the input

Algorithms 2.4 and 2.5
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U: sorted array

V: sorted array

merge

S: input array has been sorted
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· Quick Sort

Main-program: Algorithm 2.6

Partition: Algorithm 2.7

In the intermediate steps we have

S[low]=pivot

S[low+1]—S[j] < pivot

S[j+1]—S[i-1] ( pivot

S[i]—S[high] unknown

Going on this way we finally get

S[low]=pivot

S[low+1]—S[j] < pivot

S[j+1]—S[high] ( pivot

By interchanging S[low] with S[j]

S[low]—S[j-1] < pivot

S[j]=pivot

S[j+1]—S[high] ( pivot

· Worst case analysis for quick sort
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Average case analysis for quick sort


[image: image28.wmf]

 EMBED Equation.3  [image: image29.wmf]å

-

=

+

-

=

1

1

)

(

2

1

)

(

n

i

i

T

n

n

n

T

   T(2)=1 and T(1)=0

[image: image30.wmf]å

=

+

+

=

+

n

i

i

T

n

n

n

T

1

)

(

1

2

)

1

(

 
[image: image31.wmf]å

-

=

+

-

=

1

1

)

(

2

1

)

(

n

i

i

T

n

n

n

T

 


[image: image32.wmf]å

=

+

+

=

+

+

n

i

i

T

n

n

n

T

n

1

)

(

2

)

1

(

)

1

(

)

1

(

 
[image: image33.wmf]å

-

=

+

-

=

1

1

)

(

2

)

1

(

)

(

n

i

i

T

n

n

n

nT

 


[image: image34.wmf])

(

2

)

1

(

)

1

(

)

(

)

1

(

)

1

(

n

T

n

n

n

n

n

nT

n

T

n

+

-

-

+

=

-

+

+



[image: image35.wmf])

(

2

2

)

(

)

1

(

)

1

(

n

T

n

n

nT

n

T

n

+

=

-

+

+



[image: image36.wmf]2

)

(

1

2

1

2

)

(

1

2

)

1

(

+

+

+

£

+

+

+

+

=

+

n

T

n

n

n

n

n

T

n

n

n

T



[image: image37.wmf])

1

(

1

2

)

(

-

+

+

£

n

T

n

n

n

T



[image: image38.wmf])]...]

2

(

3

4

2

[

4

5

[...

2

1

2

[

1

2

[

1

2

T

n

n

n

n

n

n

+

-

-

+

-

+

+

+

=



[image: image39.wmf]]...]

3

4

2

[

4

5

[...

2

1

2

[

1

1

1

2

2

+

-

-

+

-

+

+

+

+

=

n

n

n

n

n

n



[image: image40.wmf]]...]

3

4

2

[

4

5

[...

2

1

1

1

2

1

2

2

+

-

+

+

-

+

+

+

+

=

n

n

n

n

n

n



[image: image41.wmf]å

+

=

+

=

+

+

-

+

+

-

+

+

+

+

=

1

3

1

)

1

(

2

3

1

2

...

2

1

2

1

1

2

1

2

2

n

i

i

n

n

n

n

n

n

n

n



[image: image42.wmf]å

+

=

=

-

+

=

1

1

)

log

(

]

5

.

1

)

1

)[(

1

(

2

n

i

n

n

i

n

q


2.5  Matrix Multiplication
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· C11=[a12(b11+b21)]+[b11(a11-a12)]

C21=[a12(b11+b21)]+[(b11+b22)(a21-a12)]+
[(b21-b22)(a22-a12)+b22(a22-a21)]

C12=[a21(b12+b22)]-[(b11+b22)(a21-a12)]
+[b11(a11-a12)+(a11-a21)(b12-b11)]

· C22=[a21(b12+b22)]+[b22(a22-a21)]

· 共有以下七個
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a12(b11+b21), b11(a11-a12), (b11+b22)(a21-a12),

(b21-b22)(a22-a12), b22(a22-a21), a21(b12+b22) 
(a11-a21)(b12-b11)

· 共有十八個
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b11+b21, a11-a12, b11+b22, a21-a12, 

b21-b22, a22-a12, a22-a21, b12+b22,  a11-a21
b12-b11,

在計算c11,c21,c12,c22中還有另外8個加減法
· 
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2.6 Multiplication of large integers

· representation of large integer

two polynomials of degree n-1 (n terms)

two integers of n digits

· method 1 of divide-&-conquer

u=x(10m+y   v=w(10m+z

where m=(n/2(
uv=(x(10m+y)( w(10m+z)

=xw102m+(xz+wy)10m+yz

Example 2.6

· Algorithm 2.9 for method 1

Time complexity of algorithm 2.9

W(n)=4W(n/2)+cn  and W(s)=0

W(n)=((n2)

· Method 2 of divide-&-conquer

u=x(10m+y   v=w(10m+z

uv=(x(10m+y)( w(10m+z)

=xw102m+(xz+wy)10m+yz

令r=(x+y)(w+z)=xw+(xz+yw)+yz

  xz+wy=r-xw-yz

uv=xw102m+( r-xw-yz)10m+yz 


=xw102m+((x+y)(w+z)-xw-yz)10m+yz

· Algorithm 2.10 for method 2

· Complexity analysis

3W(n/2)+cn(W(n)(3W(n/2+1)+cn

由左半式子，可得W(n)(
[image: image70.wmf])
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由右半式子，令W((n)=W(n+2)

W((n)=W(n+2)(3W((n+2)/2+1)+c(n+2)




(3W(n/2+2)+cn+2c




(3W((n/2)+cn+2c

W((n) (
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W(n)=W((n-2) (
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In summary, W(n) (
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· Multiply two polynomial of degree n-1

U=5x5+8x4-2x3-3x2+x-3

=x3(5x2+8x-2)+(-3x2+x-3)=x3X+Y

V=2x5+x4+x3-5x2+3x+2

=x3(2x2+x+1)+(-5x2+3x+2)=x3W+Z

UV==10x10+21x9+9x8-25x7-28x6+36x5+23x4-21x3+12x2-7x-6

R=(X+Y)(W+Z)

=(2x2+9x-5)(-3x2+4x+3)

=-6x4-19x3+57x2+7x-15

XW=(5x2+8x-2) (2x2+x+1)

=10x4+21x3+9x2+6x-2

YZ=(-3x2+x-3) (-5x2+3x+2)

=15x4-14x3+12x2-7x-6

R-XW-YZ=-31x4-26x3+36x2+8x-7

UV=XWx6+(R-XW-YZ)x3+YZ

=10x10+21x9+9x8+6x7-2x6





 -31x7-26x6+36x5+8x4-7x3
 +15x4-14x3+12x2-7x-6
=10x10+21x9+9x8-25x7-28x6+36x5+23x4-21x3+12x2-7x-6
Determine thresholds
Example 2.7

Example 2.8

· When not to use divide-&-conquer

1. An instance of size n is divided into two or more instances each almost of size n

2. An instance of size n is divided into almost n instances of size n/c, where c is a constant
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S: input array to be sorted
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S[1:h]: unsorted array







S[h+1:n]: unsorted array
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U: additional array
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U[1ow:high]: sorted array
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S: input array has been sorted
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