Chapter 7

Introduction to Computational complexity

Sorting Problem

· A computational complexity analysis tries to determine a lower bound on the efficiency of all algorithms for a given problem.

· Matrix multiplication has a lower bound ((n2) and the best known algorithm O(n2.38). We can investigate the problem in two easy: find a more efficient algorithm or obtain a greater lower bound.

· Sorting problem has a lower bound ( (n log n) and some known algorithms with time complexity O(n log n). There is no room for further improvement.
Insertion Sort

· 在第i個pass時，只針對第i個元素排序，看看它應該放在什麼位置
· 第i個元素依序與第i-1、第i-2、…、第1個元素相比，一直到找到某一個元素j ，比第個i元素小為止
· 將第j+1、…、第i-1個元素後移一位，而第i個元素就放在j+1的位置上
· Example: See Figure 7.1
· Algorithm 7.1
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Worst case time complexity

· 要插入第i個元素，最多需要i-1個比較動作及i-1個交換動作。

· 插入的動作是由第2個元素開始，一直到第n個元素為止。

· 
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· 若資料剛好是由大到小排列（次序剛好顛倒），我們會需要上述的時間。

Average case time complexity

· 對第i筆資料x而言，它可能的位置分別是第1, 2, 3,…, i共有i種可能。

· 對不同位置，其所需的比較次數分別為

	slot
	i
	i-1
	i-2
	….
	2
	1

	Number
	1
	2
	3
	
	i-1
	i-1


· 第i個元素的平均比較次數為
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· 全部的平均比較次數為
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Exchange Sort

· The steps is shown in Algorithm 1.3


· Selection Sort, Algorithm 7.2

· Similar to the exchange sort. But it only keeps track of the index of the current smallest key among the keys in the i-th slot through the n-th slot. 

Comparisons of the complexities

· The results are shown in Table 7.1.

· Selection sort只需做n個交換動作

· Exchange sort需要至多n2/2個交換動作，平均n2/4個交換動作

· Selection sort和Exchange sort，需要做一樣多的比較動作，通通都是n2/2

· Insertion Sort需要的比較動作最少，至多n2/2個比較動作，平均n2/4個比較動作

· Insertion Sort最佳狀況是發生在資料已經由小到大排序好了，共需要n-1個比較動作，不需要任何的交換動作

Lower bounds for the sorting algorithms

· Inversion in a permutation is a pair (ki, kj) such that i<j and ki>kj.

· [3,2,4,1,6,5] contains the inversions (3,2),(3,1),(2,1),(4,1) and (6,5)

· Theorem 7.1 shows that any algorithm that sorts only by comparisons of keys and removes at most one inversion after each comparison must in the worst case do n(n-1)/2 comparisons and in the average do n(n-1)/4 comparisons.

· Hints: [n, n-1,…, 2, 1] has n(n-1)/2 inversions.

· Given any permutation [kn,kn-1,…,k1], there must have a transpose [k1,..,kn-1,kn]. These two have totally n(n-1)/2 inversions. So the average number of inversions in a permutation and its transpose is n(n-1)/4.

Merge sort


The complexity of Merge sort

· 合併排序法一直recursive分下來，最後終於變成兩兩相比，merge以後，變成四個四個sort好的資料段。再merge以後，變成八個八個，…。一共要做多少次呢？O(logn)次
· 每一次的merge需要做O(n)次的比較
· 時間複雜度︰O(nlogn)
· 空間︰需要額外的記憶體空間來儲存sorted的片段，也需要額外的記憶體作為遞迴呼叫的堆疊之用
Improvements of merge sort

· Dynamic programming approach to implement the algorithm, Algorithm 7.3

	pass
	a1
	a2
	a3
	a4
	a5
	a6
	a7
	a8
	a9
	a10
	a11
	a12
	a13
	a14
	a15
	a16

	1
	5
	14
	6
	15
	3
	12
	13
	4
	2
	16
	7
	1
	10
	9
	11
	8

	2
	5
	14
	6
	15
	3
	12
	4
	13
	2
	16
	1
	7
	9
	10
	8
	11

	3
	3
	4
	5
	6
	12
	13
	14
	15
	1
	2
	7
	8
	9
	10
	11
	16

	4
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	11
	12
	13
	14
	15
	16


· Avoid the overhead of the stack operations to implement recursions.

Another method to improve the merge sort

· Sorting problems ordinarily involves sorting of records according to the values of their keys.

· If the records are large, the amount of extra space used by merge sort can be considerable.

· We can use link structure to improve merge sort algorithm

· We then sort the records into a sorted linked list by adjusting the links rather than by moving the records.

· Figure 7.3 and Algorithm 7.4
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Heap Sort

· 最大(小)堆積樹是一個完整的二元樹，它每一個內部節點都大(小)於等於其子節點
· Heap tree的root是最大(小)值
· 堆積樹可以利用陣列來儲存，父節點編號為i，則子節點的編號為2i+1和2i+2；反之子節點編號為i，則父節點的編號為((i-1)/2(
· An example of heap, Figure 7.5
· Shiftdown operation, see Figure 7.6
· Remove the maximum item (root) from a heap, see the algorithm at the bottom of page 277
· How to build a heap tree, see Figure 7.7 and Algorithm makeheap in page 279

· How to sort the data by heap, see the algorithm removekeys in page 278 and the algorithm heapsort in page 279
The time to construct the heap

· Let d =log2 n, denote the maximum depth of the heap

· Let us temporarily ignore the last node. Then, there are 2j nodes in depth j, where 0(j(d-1, and a node in depth j will need at most d-j-1 sift to reach its position.

· 
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· When putting the last node back into the tree, we will spend at most d additional sifts.

· 2d-d-1+d=2d-1=n-1

The time of removekeys

· There are 2j tree with depth j such that each of them has at most j sifts.

· For depth=1, there are two tree. For depth =2, there are 4 tree…..

· Figure 7.10 shows the above situations.

· Let d=log2n.  Then we have
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· Therefore, the heap sort algorithm has a time complexity ((n log n).

7.8 Lower bounds for sorting

· Decision trees for sorting algorithms

Procedure sortthree and its decision tree is shown in Fig 7.11

The decision tree corresponding to exchange sort is shown in Fig 7.12

· Every comparison-based sorting algorithm has the corresponding decision trees, where 

each internal node is a comparison,

each internal node has at most two children, 

each leaf corresponds to a possible data set. 

· Because a sorting algorithm has a corresponding decision tree, we can use decision tress to denote all possible comparison-based sorting algorithms.

· The length of a path from the root to a leaf is the number of comparisons for sorting an instance.

· The longest path length is the maximum number of comparisons required for a sorting.

· The average path length is the average number of comparisons required for a sorting.

· Because there are totally n! cases for our input data, the decision tree must have at least n! leaf nodes.

· How can we arrange the decision tree with n! leaf nodes so that its maximum path length is minimum, which is the lower bound of the worst case time complexity

· How can we arrange the decision tree with n! leaf nodes so that its average path length is minimum, which is the lower bound of the average case time complexity.

· 一個不證自明的直覺：一個有m個葉節點的二元樹，若要讓他的path length最短，則這個樹應該要儘可能的完整。

例如若m=11，則該樹的長相應該是
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如果不是如此安排，一定會比較差
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· 對於一棵幾乎完整的樹而言，如果它有m個葉節點，且它的深度為d，則它的最長路徑長度是d，而平均路徑長度則大於等於d-1，小於等於d，且會滿足如下關係

2d-1<m(2d
d-1<log2m  and  d(log2m

that is, 1+log2m>d(log2m

· 因為decision tree共會有n!個leaf nodes，故我們的worst case and average case lower bound為log n!

· From Lemma 7.4: log n!(n log n-1.45n

We get the result in Theorem 7.4

We need at least this number of comparisons for any comparison-based sorting algorithm.

Radix Sort

· 對於key中的每一個digit，利用distribution counting sort的技巧來作排序，由最低位元(least significant digit)開始往最高位元(most significant digit)，依序去排序
· see Figure 7.15

· Algorithm 7.6

· 時間複雜度︰O(kn)
· Good for n is large, but key length (k) is short
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