A Brief Discussion for NP-complete Problem

Decision problem: a problem whose solution is simply “yes” or “no”.
Optimization problem: a problem that searches for a solution with maximum or minimum value
Example: Traveling salesperson problem


Knapsack problem


Bin Packing problem


Clique problem

In general, optimization problems are more difficult to solve than their corresponding decision problems.

In discussing NP problems, we shall discuss only decision problems

Computation Model:

Turing Machine Computation Model: 一般電腦

Non-deterministic computation model:



Guessing: 如果問題有解答，則一定會猜到解答

如果沒有解答，則仍然會提供答案，但此時所提供的答案不正確



Checking:檢查答案是否正確

NP(Non-deterministic Polynomial) problems: All decision problems that can be solved in polynomial time in non-deterministic computation model

P(Polynomial) problems: All decision problems that can be solved in polynomial time in turing machine model
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The Satisfiability Problem

Definition:

A literal is xi or –xi where xi is a boolean variable.

A clause is a disjunction of literals. No clause contains a literal and its negation simultaneously.

A formula is a conjunction of clauses.

Unsatisfiable formula

(-x1(x2)((x1)((-x2)

(x1(x2)((x1(-x2)( (-x1(x2)((-x1(-x2)
Satisfiable formula

(-x1(x2)((x1)((-x3)

(x1(x2)((x1(-x2)( (-x1(x2)

Given a formula with n literals and m clauses, determine if the formula is satisfiable or not.

Cook’s Theorem: NP=P if and only if the satisfiability problem is a P problem.

(
(1) satisfiability problem can be solved in polynomial time in Non-deterministic model.

(2) By (1), satisfiability problem is in NP.

(3) Thus, if P=NP, then satisfiability problem is a P problem.

(
All NP problems A can be transformed into an equivalent satisfiability problem B in polynomial time.
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If satisfiability problem can be solved in polynomial time, then all NP problems do as well 

Every NP problem is polynomially reducible to the satisfiability problem

NP-Complete Problem

Def 1:A Problem A is NP-Complete if A(NP and every NP problem is polynomially reducible to A.

· 第一個NP-Complete Problem 是satisfiability problem

· 若有一個NP-Complete Problem是P問題，則所有的NP問題都是P問題

· 所以NP-Complete Problem是NP問題中最難的問題﹐只要它能在P解掉﹐則所有的問題都可以在P解掉

如果A is polynomially recducible to B﹐則

若B是polynomial solvable，則A亦可

反之則未必

所以，我們可以有另個定義

Def 2: A Problem A is NP-Complete if A(NP and (NP-complete problem B such that B is polynomially reducible to A.

[image: image4.wmf]Cook

’

s Theorem

Satisfiability

problem

All NP problems

NP-complete

    A

NP-complete

    B

NP-complete

    C

NP-complete

    D

NP-complete

    E

NP-complete

    F

NP-complete

    G

NP-complete

    H

NP-complete

    I

若Problem G可以在polynomial time解決

(Problem C也可以在polynomial time解決

(Problem A也可以在polynomial time解決

(satisfiability problem也可以

(所有的NP problems都可以

如何證明一個問題A是NP-complete

1. 證明它是ＮＰ問題

2. 找出一現有的NP-complete問題B

3. 證明problem B can be transformed into problem A in polynomial
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A problem A is NP-hard if every NP problem reduces to A. (Note that A is not necessarily an NP-problem. In fact, A may be an optimization problem. ) Thus a problem is NP-complete if A is NP-hard and if A is in NP.

NP-Complete 所帶出的特性

1. 沒有任何的NP-Complete Problem有已知的Polynomial Solution 

2. 也沒有任何的NP-Complete Problem其Lower Bound被證明為Exponential time

3. 若有一個NP-Complete Problem可以找到Polynomial Solution，則所有的NP問題都可以，也就是說NP=P

4. 若有一個NP-Complete Problem可以證明其Lower Bound為Exponential time，則所有NP-Complete Problem的Lower Bound均為Exponential time，也就是說NP(P
5. 所有的NPC Problem形成一個equivalent class

6. 有一些problem，我們目前還無法證明它是NP-Complete但也找不到Polynomial Solution

7. 有人證明【如果NP(P，則必存在一些NP問題，既不是NP-Complete但也不是P】

8. 對於NP-Complete Problem，我們應該求近似解，或者以average-case下表現良好的演算法求解
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Examples of NP-Complete Proofs

Vertex Cover Problem is NP-Complete

Clique: a complete subgraph in the graph
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Vertex cover: a subset of vertices such that every edge in the graph is incident to at least one of these vertices

G has a clique of size K if and only if G” has a vertex cover of size n-K.
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Dominating Set Problem is NP-Complete

Vertex Cover: a set of nodes such that every edge in the graph is adjacent to at least one of the nodes

Dominating Set: a set of nodes such that every node in the graph is adjacent to at least one of the nodes
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First, we create G” from G.  Then, for every edge (u,v) in G, node uv, edges (u,uv) and (v,uv) are added into G”.
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G has a vertex cover of size m

If and only if

G” has a dominating set of size m
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3SAT Problem is NP-Complete

SAT problem is satisfiable if and only if

The corresponding 3SAT is satisfiable.

Satisfiability Problem

(X1)

((X4(-X3)

((X4(-X2(X5(X6(-X3(X1)

3-SAT—Every Clause has three literals

(X1(Y1(Y2) ( (X1(-Y1(Y2) (
(X1(Y1(-Y2) ( (X1(-Y1(-Y2) (
(X4(-X3(Y3) ((X4(-X3(-Y3) (
(X4(-X2(Y4) (
(X5(-Y4(Y5) (
(X6(-Y5(Y6) (
(-X3(X1(-Y6)

The Clique Problem is NP-Complete

SAT of m clauses(Clique of size m

SAT is satisfiable if and only if

There has a clique of size m
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3-Coloring Problem is NP-Complete
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If we have three variables X,Y,Z, then
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For each clause, the following structure imposes that at least one literal in each clause has true value.
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1. More NP-Complete problems
2. Hamiltonian Cycle: 在一個graph中，是否存在一條通過每一節點剛好一次且會回到起點的路徑。

3. Traveling salesperson problem: 在一個每一edge帶有成本的graph中，是否存在一條hamiltonian cycle，其成本小於等於M。

4. [image: image21.wmf]Independent set size=4

Independent set problem: 所謂的Independent set是指graph中的一個subset of nodes，而其中的點必須彼此不相鄰。Independent set problem是指在一個graph中，是否存在一個size大於或等於M的independent set。

5. Partition problem: 有n個整數，能否將其分為兩堆使得兩堆的總和相等。

6. Sum of Subset problem: 有n個整數，能否從其中找出一個subset，使得此一subset的總和為M。

7. 0-1 knapsack problem: 有n個物體，每個物體有一個重量和利潤，我們可以把一物體選入或不選入，而在總重量限制為M的條件下，我們可否選入一個subset的物體，使得其總利潤大於或等於P。

8. Bin Packing Problem: 有M個bin，每個bin的容量為B，現有n個物體，它們的大小分別是a1, a2, …, an ，我們能否將這n個物體裝入這M個bin中。

9. Minimum finish time non-preemptive schedule: 假設我們有n個工作要在m(m(2)個相同的processors安排執行，而且每個工作只要一執行就不能中斷，是否存在一排程使得完成時間小於等於M。

10. Exact cover problem: Let there be a family of sets F={S1,S2,…, Sk} and let S= S1(S2(…(Sk . The exact cover problem is to determine whether there is a subset T(F of pairwise disjoint sets such that the union of all sets in T equals to S. For instance, suppose that F={(a3,a1), (a2,a4), (a2,a3)}. Then T={(a3,a1),(a2,a4) }. Note that every pair of sets in T must be disjoint. If F={(a3,a1), (a3,a4), (a2,a3)}, then there is no exact cover.

11. Shortest path with K edges: 若不允許有重複走過的edge，則是NP-hard。但若允許重複，則是P problem。若是小於或等於K edges，則都是P problem。

12. Shortest path with an even number of edges: 若不允許有重複走過的edge，則是NP-hard。但若允許重複，則是P problem。

13. Shortest path with a specified intermediate node: 若不允許有重複走過的node，則是NP-hard。但若允許重複，則是P problem。
Solution Strategy for NP-Complete Problems
1. Exhaustive Search

2. Branch-and-Bound or Backtracking

3. Heuristic Algorithms

4. Genetic Algorithms

5. Approximation Algorithms

它並不求最佳解，它能保證誤差的極限
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